Abstract. D. Borwein characterized linear functionals on the normed linear spaces wp and Wp. In this paper we extend his results by presenting definitions for the double strong Cesaro mean. Using these new notions of strongly p-Cesaro summable double sequence and strongly p-Cesaro summable bivariate function we present extensions of D. Borwein's results.
Introduction
The first definitions and investigations of the convergence of double sequences are usually atributted to F. Pringsheim [12] , who studied such sequences and series more than hundred years ago. Pringsheim defined what we call the P limit and gave examples of convergence (P convergence) of double sequences with and without the usual convergence of rows and columns. G. H. Hardy [4] , considered in more details the case of convergence of double sequences where, besides the existence of the P limit, rows and columns converge.
F. Moricz [6] [7] [8] discovered an alternative approach to the Hardy convergence, which significantly influenced the whole theory.
The following notion of convergence for double sequences was presented by Pringsheim in [11] . A double sequence x = {x nm } of real numbers is said to be convergent to L ∈ R in Pringsheim's sense if for any ε > 0, there exists N ε ∈ N such that |x nm − L| < ε, whenever n, m > N ε . In this case we denote such limit as follow:
A classical notion of sequence space is the following:
In [2] , D. Borwein extended the sequence space w p to the function space W p , the space of real valued functions
x, measurable (in the Lebesque sense) in the interval (1, ∞) for which there is a number = x such that
By a linear functional we mean one that is real-valued, additive, homogeneous and continuous. It is to be supposed throughout that 1 ≤ p < ∞ and that
Main Results
We begin to the main results with following definitions:
Definition 2.1. Let x = {x nm } be a real double sequence. Then the double sequence x is said to be strongly p-Cesaro summable to if
The space of all strongly p-Cesaro summable double sequences will be denote by w 2 p . Observe that this space is normed by
Definition 2.2. Let x be a real valued bivariate function, measurable (in the Lebesque sense) in the (1, ∞) × (1, ∞). Then the bivariate function x is said to be strongly p-Cesaro summable to if
The space of all strongly p-Cesaro summable bivariate functions will be denote by W 2 p . Observe that this space is normed by
Given any real double sequence α = {α nm }. We define a double sequence {m nm (α, p)} by
Given any real real valued bivariate function α(t, r) measurable in (1, ∞) × (1, ∞). We define a double 
and the integral in (2.1) is absolutely convergent for every
Proof. Let L 2 p be the linear space of real valued bivariate functions x measurable in (1, ∞) × (1, ∞) for which
with norm
Consequently the restriction to L 
for all x ∈ L 2 p and either
To show that α must necessarily satisfy (2.2) we consider the cases p = 1 and p > 1 separately. If p = 1,
There is a measurable set e nm of positive measure |e nm | in the (2
Then x ∈ L 2 1 and so, by (2.3), 
Then x ∈ L 2 p and so, by (2.3),
which established (2.2) in this case.
Then by Hölder inequality
It follows that
p , and in particular since the characteristic function of (1,
Suppose next that x ∈ W 2 p and = x . Let
0, if t ≥ n and r ≥ m.
and so, by (2.3),
Since both integrals on the right hand side have been shown to be absolutely convergent. Taking δ to be characteristic function of (1, ∞) × (1, ∞) we see that f (x) = f (y + δ)f (y) + f (δ) = M nm
